naturally in our study. Integrability conditions for certain natural distributions on almost semi-invariant and semi-invariant submanifolds have been discussed in section 7. In the last section it has been shown that an almost semi-invariant submanifold, with non-trivial invariant distribution of a normal framed metric manifold [33] , is a CR-manifold [11] .
Preliminaries
Let M be an m-dimensional framed metric (J(3,£), <7) manifold (for brevity ¿-framed metric manifold) [28] with a framed metric (J(3,£), <7) structure (for brevity e-framed metric structure) of rank m -r, r < m; i.e., £ 2 = 1; J / 0, / (J is the identity operator) is a tensor field of type (1, 1) with Rank(J) = m -r; are vector fields; 7/ 1 ,...,7/ r are 1-forms and g is an associated Riemannian metric such that for all X,Y, Z G TM, where a, ¡3 G {l,...,r} and V is the Riemannian This structure (resp. manifold) is a very general structure (resp. manifold) which in special cases reduces to several known structures (resp. manifolds) given below which are widely studied in recent past. 
Some basic results
We first state the following two lemmas, whose proofs are straightforward and hence omitted. LEMMA 3.1. Let M be a submanifold of an e-framed metric manifold M such that e TM, a = 1,..., r. Then (3.2) 
Moreover, if M possesses an e-framed metric structure, then
Now let fi,..., f r € TM, and let TM = £?©£, where E denotes the distribution in M spanned by ft,..., £ r and L is the complementary orthogonal distribution to E in M. Then the Lemma 3.1 leads to the following result. PROPOSITION 3.3. 7/M is a submanifold of M such that ft,... e TM, then
Proof. (3.4) follows from (3.1) (vii)-(x) and (3.1)(iii), (vi). Since R) A (X) = 0 for X Ç L, the relations (3.5) are implied by (3.4)(i), (ii).
Almost semi-invariant submanifolds
Let M be a submanifold of an £-framed metric manifold M. Then from (3.1)(vii) it follows that (P 2 ) x is symmetric on T X M and therefore its eigenvalues are real and it is diagonalizable. If X x G T X M is an eigenvector corresponding to an eigenvalue /i(x) of (P 2 ) x , then
has \\JZ\\ < \\Z\\ and therefore
Since decomposition of JX, by (2.2), is orthogonal, n(x) is bounded by 0 and e. Now let ft,...,
where A(a;) Ç [0, 1] is such that £A 2 (x) is an eigenvalue of (P 2 |L)X-Since (P 2 |l)X is symmetric and diagonalizable, there is some integer q such that £Aj(a;),..., e\q(x) are distinct eigenvalues of (P 2 \l) x and L x can be decomposed as the direct sum of the mutually orthogonal P-invariant eigenspaces,
If e = -1 and Aj(i) > 0, then D^ is even-dimensional. We note that
Here D\. is the maximal J-invariant, while LP X is the maximal anti-J-invariant subspace of L x . Now, we introduce a notion analogous to generic and skew CR-submanifolds of an almost Hermitian manifold defined in [22] . where A(x) = cosi/(x) for x 6 3R 5+r . From now an almost semi-invariant, almost semi-invariant* and semiinvariant will be denoted by ASI, ASI* and SI, respectively, and we denote by M a submanifold of an ¿-framed metric manifold M such that f 1,..., f r € TM unless otherwise stated. For A / 1 we have FDX = D* and = D*. Equivalently, at x G M, XX (resp. NX) is an eigenvector of (P 2 \L)X (resp. (F 2 )X) corresponding to an eigenvalue £A 2 (x) iff FXX (resp. tNx) is an eigenvector of (f 2 )x (resp. (P 2 |L)X) corresponding to the same eigenvalue e\ 2 (x) . Consequently, Dim(Dx) = Dim(D$). Thus, for a submanifold M of M with ... € TM the statements
Some characterizations of almost semi-invariant submanifolds
In view of the above discussion, we immediately have the following result. Let e(l -A 2 (x)),0 < A(x) < 1, be an eigenvalue of (tF\L)x (resp. (Ft)x) and Cx (resp. Cx) be denoted by
Then Xx (resp. NX) is an eigenvector of (P 2 \L)X (resp. (f 2 )x) corresponding to an eigenvalue fA 2 (x) iff Xx (resp. Nx) is an eigenvector of (tF\i)x (resp. (Ft)x) corresponding to the eigenvalue e(l -A 2 (x)). Consequently, Dx = Cx and Dx = and hence we have the following result. Last two propositions give characterizations of ASI-submanifolds. Characaterizations of SI-submanifolds are given as follows. Proof. The statements (1), (2) are obviously equivalent and the equivalence of the statements (3)- (22) can be easily verified. Now, we show equivalence of (1) Since parallel transport along a curve is an isometry, from (6.1) we get: Proof. Assume V/ 2 = 0 and fix x € M. For any N x e D x and any vector field X G TM let N be the parallel transport of N x in the normal bundle T ± M along the integral curve of X passing through x € M, i.e., TV = 0. Since V/ 2 = 0, we get
is parallel along the integral curve of X. Rest of the proof is similar to that of Theorem 6.1. Proof. The relation (3.3) (ii) implies equivalence of Vf = 0 and VF = 0. The proof of equivalence of VtF = 0 and statements (A), (B) together is similar to that of Theorem 6.1. Next, V/ 2 = 0 is equivalent to VFi = 0, in view of (3.1)(vi). Lastly, taking account of Theorems 6.1 and 6.2, the proof is completed.
Integrability conditions
Throughout this section superscripts T and N in a term will denote its tangential and normal parts, respectively. PROPOSITION 7.1. For a submanifoldM ofM, with TM, we have 
The proof of (7.1) and (7. 
